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( )The theory of a two-tank cascade of bioreactors de®eloped by Mantzaris et al. 1998
was used to calculate the performance of such a cascade predicted by two chemically

( )structured models: one for gene expression of Bentley and Kompala 1989 and Bentley
( ) ( )et al. 1991 and the other a cybernetic model of Kompala et al. 1986 for multiple

substitutable substrates. Two modeling approaches de®eloped pre®iously} one that ac-
counts for biomass segregation and one that does not } were used with the model of

( ) ( )Bentley and Kompala 1989 and Bentley et al. 1991 . These modeling approaches
showed that, in general, biomass segregation is an important feature of what happens in
the second tank of the cascade and cannot be neglected. The same two approaches as
well as a third approach based on the use of a chemically unstructured model were

( )applied to the model of Kompala et al. 1986 . It was found that biomass segregation in
the second tank was important under some circumstances but not all and that the
unstructured model failed to describe accurately what happens in the second tank under
all circumstances.

Introduction

The equations and computational methods for using a
chemically structured model to predict growth and product
formation behavior in each tank of a two-tank cascade of

Žbioreactors were presented in a previous article Mantzaris et
.al., 1998 . A chemically structured model takes account of

the changes in biomass composition which result when the
biomass experiences a change in the state of its abiotic envi-
ronment, and the equations given also take account of the
fact that biomass transferred from tank 1 and 2 remains seg-
regated from the other biomass in tank 2. For this reason,
the equations referred to are said to be a segregated ap-
proach to the problem of describing the dynamics of the
bioreactor cascade. Simpler versions of these equations were
worked out, also. One version employs a chemically struc-
tured model but explicitly ignores segregation of biomass. The
equations of this version are said to be an unsegregated ap-
proach to the cascade problem. A second version assumes
that current biomass specific growth and nutrient uptake rates
are functions only of the current state of the biomass envi-
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ronment. Since composition structure is irrelevant in this case,
the equations are said to be an unstructured approach to the
problem of the cascade. Such unstructured approaches have
been applied to the cascade system many times in the past.

In this article, the effects of biomass segregation on biomass
behavior are investigated by comparing the results of the seg-
regated and unsegregated approaches for the second tank of
a cascade when a common chemically structured model is
used for both. Similarly, the effects of the existence of inter-
nal structure on biomass behavior are investigated by com-
paring the results of the segregated and unstructured ap-
proaches for the second tank. These comparisons are made
for two different chemically structured models taken from the
literature.

In a real-world application of the theory presented here
one would make a detailed examination of the effects of sys-
tem operating parameters}flow rates, reactor volumes, and
feed compositions}on the predicted behavior of the system
in order to find out what are the optimum values of the oper-
ating parameters. However, one can make the comparisons
described in the previous paragraph with only minimal exam-
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ination of the effects of operating parameters on system per-
formance, and so no systematic and extensive examination of
such effects has been made.

Choice of a Chemically Structured Model for Use
in Illustrative Examples

A chemically structured model that would be ideal for il-
lustrating the theory developed in the foregoing paragraphs
should be realistic in the sense that it has been tested by at
least some experimentation in apparatus such as batch, single
CSTR, and fed-batch, and found to give a reasonably good
representation of the data obtained. In addition, it should be
a model of growth and product formation by an organism for
which there is some obvious practical advantage to be gained
by using multiple bioreactors. A model for protein expression
by a recombinant organism published by Bentley and Kom-

Ž . Ž .pala 1989 and Bentley et al. 1991 meets these require-
ments and it will be used for our first illustrative example.

We shall also present a second illustrative example which
Ž .is based on a model published by Kompala et al. 1986 . This

is a so-called cybernetic model and its authors tested it on
batch growth of Klebsiella oxytoca on mixtures of glucose and
one or two other sugars; the model successfully handled di-
auxie and triauxie and related phenomena. There is no obvi-
ous practical reason why one would want to grow this organ-
ism in a two-tank apparatus, but there are two reasons for
including an example based on this model in this article. First,
the only way to construct the unstructured model corre-
sponding to the structured model of Bentley and Kompala
Ž .1989 is by statistical curve-fitting, which we prefer not to
do. The unstructured model corresponding to the model of

Ž .Kompala et al. 1986 can be constructed analytically, and,
therefore, this model can be used to see how the predictions
of the unstructured model compare with those of the struc-
tured model. Second, mathematical analysis of the model of

Ž .Bentley and Kompala 1989 would seem to have to be by
brute force numerical methods, but analytical methods can
be used, at least to some extent, to investigate the nonlinear

Ž .features of the model of Kompala et al. 1986 .

First Example: Model Describing the Dynamics
of Induced Protein Expression

Ž .Bentley and Kompala 1989 proposed a structured kinetic
model for the dynamics of induced chloramphenicol-acetyl

Ž .transferase CAT expression in Escherichia coli. The kinetics
Ž Ž ..of the inducer isopropyl-b D-thiogalactopyranoside IPTG

transport were later added to the model by Bentley et al.
Ž .1991 . The state vector of the biomass in the complete ver-
sion of the model has nine elements, and they are the mass
fractions of amino acids, nucleotides, lipids, RNA, DNA,

Ž . Žprotein, foreign protein CAT , foreign DNA which encodes
.for CAT expression , and intracellular inducer in the biomass.

The state vector of the abiotic environment has two ele-
Ž .ments, and they are concentrations of the substrate LB and

the extracellular inducer. The model parameter values used
in all simulations were those given by Bentley and Kompala
Ž . Ž .1989 and Bentley et al. 1991 . In all of the simulation re-
sults that will be presented, it was assumed that the cascade

of two CSTRs shown in Figure 1 of the previous article
Ž .Mantzaris et al., 1998 is used, that inducer is present in the
feed to the second reactor but not in the feed to the first

Ž .reactor, and that there is perfect plasmid foreign DNA sta-
bility in both reactors. Operating parameters used in all the

Žsimulations to be presented were as follows refer to the
. y1 Žaforementioned figure : D 'Q rV s1.5 h , f 'Q r Q1 1 1 1 1

. Ž . y1 Ž .qQ s0.5769, D ' Q qQ rV s2.6 h , s s2 kg2 2 1 2 2 1 f L B
y3 Ž . y3 Ž .?m , s s2 kg ?m , and s s0. Steady-state2 f L B 1 f IPT G

Ž .simulations were done for various values of s ranging2 f IPT G
Ž y3.from 1 to 100 mM 0.238 to 23.8 kg ?m . A single transient

Ž .calculation was done using a value of s s10 mM and2 f IPT G
all of the other parameters given above. The dilution rate of
1.5 hy1 for the first tank is that which maximizes the biomass
productivity of that tank when it is operated in steady state
with the feed composition given. The dilution rate of 2.6 hy1

and the feed fraction f for the second tank are the values
that come close to maximizing steady-state CAT productivity

Ž .of the second tank if: 1 the first tank is operated at the
Ž .conditions stated; 2 the feed concentrations of LB are those

stated and the feed concentration of IPTG to the second tank
Ž . Ž .is 10 mM; 3 the two tanks are of equal volume; and 4

segregation of biomass in the second tank can be neglected
and the steady-state productivity calculated by solving the al-
gebraic equations of the unsegregated approach rather than
the differential equations of the segregated approach. The
latter assumption was made in order to obtain an initial esti-
mate of the optimal values of D and f when the feed con-2

Ž .centrations are the stated ones. The choice of s s102 f IPT G
mM for making this estimate is purely arbitrary.

First Example: Steady-State Simulations
The steady-state behavior of the system was investigated

using both the segregated and unsegregated modeling ap-
proaches for several different values of the IPTG concentra-
tion at the feed of the second reactor, ranging from 1 mM up
to 100 mM and for the values of the operating parameters
chosen above.

Figure 1 shows the comparison between the two modeling
approaches for the second reactor at steady state and as a
function of the inducer concentration in the fresh feed to the
second reactor. For the case of the segregated approach, the
average values of the quantities are shown. Notice that the
intracellular inducer and CAT mass fractions, as well as the
CAT productivity reach a maximum at a feed inducer con-
centration of approximately 9 mM. At the same value of feed
inducer concentration, the lipid, RNA, DNA, and protein
mass fractions reach a minimum. The amino acid and nu-
cleotide mass fractions and the biomass concentration do not
show extrema but rather decrease with increase of the feed
inducer concentration, whereas the substrate concentration
and DNA coding for CAT production increase as the feed
inducer concentration is increased. The patterns predicted by
the unsegregated approach are similar. However, the values
of the feed inducer concentration where extrema are exhib-
ited are different and higher for the unsegregated approach;
the maximizing feed inducer concentration is about 13 mM.
The results indicate that the unsegregated approach underes-
timates the substrate concentration, and the amino acid, nu-
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( ) ( )Figure 1. Model of Bentley and Kompala 1989 and Bentley et al. 1991 : steady-state results for the second
reactor.
It is a function of the concentration of the inducer in the fresh feed to the second reactor, as predicted by the two modeling approaches for

y1 y1 y3 y3Ž . Ž . Ž .D s1.5 h , D s 2.6 h , f s 0.5769, s s 2 kg ? m , s s 2 kg ? m , s s 0. : Average values predicted by the1 2 1 f L B 2 f L B 1 f IPTG
Ž . Ž . Ž .segregated approach; : predictions of the unsegregated approach. a Biomass concentration; b substrate concentration; c amino

Ž . Ž . Ž . Ž . Ž .acid mass fraction; d nucleotide mass fraction; e lipid mass fraction; f RNA mass fraction; g DNA mass fraction; h protein mass
Ž . Ž . Ž . Ž . Ž .fraction; i DNA coding for CAT expression foreign DNA mass fraction; j CAT foreign protein mass fraction; k intracellular inducer

Ž . Ž .mass fraction; l CAT foreign protein productivity.

cleotide, lipid, RNA, DNA, and protein mass fractions,
whereas it overestimates the biomass concentration and the
CAT mass fraction and productivity over the entire range of
feed inducer concentrations.

Figure 2 shows the steady-state distributions with respect
to age of the biomass concentration and the mass fractions of
DNA, DNA responsible for CAT expression, protein, CAT,
and intracellular inducer in the second tank for various val-
ues of the feed inducer concentration. Of course, these are

predictions of the segregated approach; the unsegregated ap-
proach has nothing to say about distributions with respect to
age. Notice that all profiles are qualitatively the same for val-
ues of the feed inducer concentration above 50 mM. How-
ever, the shape of the profiles is significantly influenced by
the feed inducer concentration at lower values. Of particular
interest is that, at the feed inducer concentration of 10 mM,
which is near optimal for CAT productivity, ‘‘old’’ biomass in
the second reactor attains foreign protein contents of more
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( ) ( )Figure 2. Model of Bentley and Kompala 1989 and Bentley et al. 1991 : steady-state age distributions in the sec-
ond reactor.
It was predicted by the segregated approach, for different values of the concentration of the inducer in the fresh feed to the second reactor.

I I I B B e e e` ` ` v v Ž .Inducer concentrations: : 10 mM; : 30 mM; : 50 mM; : 70 mM; : 90 mM. a Biomass
Ž . Ž . Ž . Ž . Ž . Žconcentration; b DNA mass fraction; c protein mass fraction; d DNA coding for CAT foreign protein mass fraction; e CAT foreign

. Ž .protein mass fraction; f intracellular inducer mass fraction.

than 60% by weight. Unfortunately, there is very little ‘‘old’’
biomass in the reactor, so that the average foreign protein
content of the biomass is only about 20%.

First Example: A Transient Simulation
Figure 3 shows the results of a transient simulation for the

second reactor for 10 mM inducer concentration in the feed
stream of the second reactor and for the same values of the
rest of the operating parameters that were used in the
steady-state calculations. Again, the average values of the
mass fractions predicted by the segregated approach have
been plotted.

Examination of the curves for the segregated approach
shows that they have reached asymptotic values after about 4
h from startup. The asymptotic values of the variables are in
good agreement with the steady-state value shown in Figure
1 for a feed inducer concentration of 10 mM. Such agree-
ment is a necessary condition for the validity of the numeri-
cal calculations done to produce the two sets of figures.
Careful examination of the curves for the unsegregated ap-
proach shows that several of them have not yet reached
asymptotic values as late as 6 h after startup, and this is, of
course, a difference between the two modeling approaches. It
is obvious that there are other differences, as well, but it can
be seen that the differences between the two modeling ap-
proaches as applied to the transient situation are consistent
with the differences between the approaches reported above
for the steady-state situation. Notice that for this value of the
feed inducer concentration, neglecting biomass segregation
results in overestimating the asymptotic CAT mass fraction
and productivity by approximately 25%.

Comments on First Example
The results of the comparison between the two approaches

strongly depend on the choice of the operating parameters.
Several simulations that were performed for different sets of
operating parameters have revealed larger or smaller differ-
ences between the two approaches than the ones presented
in Figure 1. Moreover, the results of the comparison are in-
fluenced by the choice of operating parameters in a qualita-
tive way, as well. For example, for other sets of operating
parameters, it was seen that the unsegregated approach con-
sistently underestimates the biomass concentration and over-
estimates the substrate concentration, over a large range of
feed inducer concentrations, contrary to the situation pre-
sented in Figure 1. In fact, examination of a large number of
simulations like those shown in Figure 1 has not suggested
any general conclusion about domains of operating condi-
tions where the differences between the predictions of the
two approaches are small or where they are large. In Figure
1, the differences between the predictions of the approaches
for some of the variables are small when the feed inducer
concentration is low. This is to be expected, as when this con-
centration is low, the environmental shock received by the
cells when they are transferred from the first to the second
tank is minimal. However, even this weak statement cannot
be taken as a generally valid conclusion.

Second Example: A Cybernetic Model
Ž .Kompala et al. 1986 have constructed a cybernetic model

to describe the batch growth dynamics of Klebsiella oxytoca
on mixtures of glucose and one or two other sugars. The au-
thors determined the parameters of the model from experi-
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( ) ( )Figure 3. Model of Bentley and Kompala 1989 and Bentley et al. 1991 : transient simulation for the second reac-
tor.

y1 y1 Ž .It was predicted by the two modeling approaches for the second reactor and for D s1.5 h , D s 2.6 h , f s 0.5769, s s 21 2 1 f L B
y3 y3Ž . Ž . Ž .kg ? m , s s 2 kg ? m , s s 0, s s10 mM. : the average values predicted by the segregated approach; :2 f L B 1 f IP T G 2 f IT P G

Ž . Ž . Ž . Ž .predictions of the segregated approach. a Biomass concentration; b substrate concentration; c amino acid mass fraction; d nucleotide
Ž . Ž . Ž . Ž . Ž .mass fraction; e lipid mass fraction; f RNA mass fraction; g DNA mass fraction; h protein mass fraction; i DNA coding for CAT

Ž . Ž . Ž . Ž . Ž . Žexpression foreign DNA mass fraction; j CAT foreign protein mass fraction; k intracellular inducer mass fraction; l CAT foreign
.protein productivity.

ments in which the cells grew on a single sugar, and they
showed that the model handled diauxie and triauxie and re-
lated phenomena successfully. There is no obvious practical
reason why one would want to grow this organism in a two-
tank cascade, but we found that application of the model to
the two-tank cascade was an excellent way to achieve some of
the primary objectives of our research. Although the model is
highly nonlinear, it was possible to investigate the steady-state
versions of the equations analytically in great depth. This, in
turn, allowed the analytical examination of the asymptotic

behavior of the reactor system as a function of the operating
Ž .parameters of the system bifurcation analysis . Finally, ma-

nipulations of the steady-state version of the model equations
enabled us to construct the unstructured version of the model
analytically, so that it was possible to compare the predic-
tions of the unstructured version of the model with those of
the segregated version.

A complete description of the model of Kompala et al.
Ž .1986 and a listing of the model parameters is given in their
article, and so these will not be repeated here. Referring to
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Ž .Figure 1 of the previous article Mantzaris et al., 1998 , we
assumed that Q s0 and V sV so that f s1 and D '2 1 2 1

Ž .Q rV s Q qQ rV ' D . Insofar as substrates are con-1 1 1 2 2 2
cerned, we assumed that the feed to the first reactor con-
tained glucose and xylose but no other sugars. The number of
operating parameters is thus three and they are D s D ' D1 2
and the concentrations of glucose and xylose in the feed to

Ž . Ž .the first reactor s and s , respectively. The state1 f G lu 1 f X y l
vectors of the abiotic environment and the biomass contain
two and three elements, respectively. The two elements of
the abiotic state vector are the aforementioned concentra-
tions of glucose and xylose. Two of the three elements of the
state vector of the biomass are the mass fractions of the en-
zyme systems that metabolize glucose and xylose, and the
third is the mass fraction of the rest of the biomass. Since the
sum of the mass fractions is 1, only two of the elements are
independent, and we choose these to be the mass fractions of
the two enzyme systems.

Second Example: Steady-State Analyses
A detailed steady-state analysis for both reactors was per-

Ž .formed with the following goals in mind: a to find all possi-
Žble steady states for a given set of operating parameters D,

Ž . Ž . . Ž .s , and s ; b to characterize their local asymp-1 f G lu 1 f X y l
Ž .totic stability properties using linear stability analysis; and c

to examine how the number and asymptotic stability of these
steady states change as the three operating parameters vary
in the parameter space.

Due to the nonlinearity of the steady-state equations for
all three approaches and for both reactors, it is possible to
have more than one steady-state solution for a given set of
operating parameters. For this particular example, and irre-
spective of the reactor under consideration, one can qualita-

Ž .tively identify five possible types of steady states: a a washout
steady state where no biomass is produced and neither of the

Ž .substrates is consumed; b a steady state where only glucose
Ž .is consumed; c a steady state where only xylose is con-

Ž .sumed; d a steady state where both substrates are con-
Ž .sumed, but biomass grows mainly on glucose; e a steady

state where both substrates are consumed but biomass grows
mainly on xylose. One can distinguish between the last two
types of steady states by comparing the relative magnitude of
the rates of biomass production due to the consumption of

Ž .the two substrates see Kompala et al., 1986 . It is also possi-
ble to have a steady state where both substrates are equally
consumed. However, this type of steady state can be thought

Ž . Ž .of as a subcase of the d andror e types of steady states. It
must also be noted that, in principle, it is possible to have
more than one steady state of the same type.

Each possible steady-state solution must fall within physi-
cally and biologically acceptable limits. For example, the val-
ues of the steady-state biomass concentration, substrate con-
centrations and state vector elements cannot be less than zero.
Moreover, the steady-state substrate concentrations in tank 1
cannot be more than the corresponding feed substrate con-
centrations, and the steady-state substrate concentrations in
tank 2 cannot be more than the corresponding steady-state
values in tank 1. Hence, the steady-state solution is subject to
constraints. The application of these constraints to the
steady-state solutions of tank 1 has led to the isolation of a

large region in the feed substrate concentration parameter
ŽŽ . Ž . .subspace s , s , where the dependence of the1 f G lu 1 f X y l

number and stability properties of the steady states on the
dilution rate D remains qualitati®ely the same. In other words,

ŽŽ . Ž . .for any pair s , s which belongs to this isolated1 f G lu 1 f X y l
subspace, the steady-state bifurcation diagrams for both reac-
tors, with the dilution rate as the bifurcating parameter, re-
mains qualitatively the same. The upper and lower bounds of

ŽŽ . Ž . .this s , s subspace were analytically found as1 f G lu 1 f X y l
functions of the model parameters which were taken to be
identical to the values given in the article of Kompala et al.
Ž .1986 . A complete bifurcation analysis was performed for the
entire region of dilution rates. The upper bound of this dilu-
tion rate region was chosen to be the value above which the
only existing steady-state solution for tank 1 is the washout
steady state. This upper bound was analytically found as a
function of the two feed substrate concentrations and the
model parameters.

In all the simulations and results that will be presented in
the following the two feed substrate concentrations were

Ž . Ž . y3taken to be s s s s0.33 kg ?m . These numeri-1 f G lu 1 f X y l
cal values belong to the isolated region in the feed substrate
concentration parameter subspace mentioned above. Given
these two values and the model parameters, the upper bound
for the dilution rate was found to be D s1.045 hy1.u

Second Example: Determination of Specific
Growth Rate and Nutrient Uptake Functions
for Unstructured Model

The determination of the specific growth rate and nutrient
uptake functions for the unstructured model which corre-
sponds to the structured model proposed by Kompala et al.
Ž .1986 was achieved by requiring that these functions are such
that they make the same predictions about the biomass and
substrate concentrations for steady-state growth in a single
CSTR that the structured model makes. According to the
structured model, these three functions depend on the two
substrate concentrations and on the two states. In order to
find the corresponding functions for the unstructured model
which must depend only on the two substrate concentrations,
the steady-state equations for the structured model and for
the first tank were used.

Although it is not possible to find all steady states in tank 1
analytically, it is analytically possible to express the steady-
state values of the elements of the state vector as functions of
the dilution rate and the two steady-state substrate concen-
trations for all of the possible steady states mentioned above.
Since, at steady state for the first tank, the dilution rate must
be equal to the specific growth rate, these expressions give
the state vector as a function of the specific growth rate and
the substrate concentrations. These expressions were subse-
quently substituted into the equation defining the specific
growth rate for the structured model, which, consequently,
no longer contains the state vector. The resulting equation
was then analytically solved for the specific growth rate, thus

Ž .producing the desired function m s . Moreover, the equa-uns
tions which give the steady-state values of the states as func-
tions of the specific growth rate and the two substrate con-
centrations were also substituted in the equations which de-
fine the two specific rates of nutrient uptake. Using the pre-
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Ž .viously derived expression for m s , these substitutionsuns
yield the corresponding unstructured vector function of nutri-

Ž .ent uptake r s . The same functions were used for all theuns
simulations and for both reactors.

Second Example: Steady-State Simulations
The equations which describe the steady-state situation in

the first tank are identical for both the segregated and unseg-
regated approaches and, therefore, the two approaches are
identical in this case. The results of simulations in which ev-
ery parameter except dilution rate was kept constant are
shown in Figure 4. The steady-state concentrations of
biomass, glucose, and xylose and the mass fractions of the
glucose and xylose utilizing enzyme systems in the biomass
have been plotted as functions of the dilution rate. Values of
these parameters for stable steady states are plotted as solid
lines and values for unstable steady states are plotted as dot-
ted lines. By definition, the unstructured approach yields the
stable steady-state results in every case.

A detailed bifurcation analysis of these equations with the
dilution rate as the bifurcation parameter revealed the exist-
ence of a critical dilution rate value D which divides thecr
dilution rate space into two regions. For low dilution rates
Ž . Ž .D- D , there exist five steady states: 1 a washout steadycr
state where the enzymes that metabolize xylose are not pres-

Ž .ent; 2 a washout steady state where the enzymes that me-
Ž .tabolize glucose are not present; 3 a nonwashout steady state
Ž .where only glucose is consumed; 4 a nonwashout steady state

Ž .where only xylose is consumed; and 5 a nonwashout steady
state where both substrates are consumed but biomass grows
mainly on glucose. On the other hand, for high dilution rates
Ž .D) D only the first three steady states exist.cr

Moreover, linear stability analysis performed on the entire
dilution rate space showed that for any dilution rate only one
of the existing steady states is locally asymptotically stable.
The rest of the existing steady states are unstable saddles
with a single positive eigenvalue. For D- D , the asymptoti-cr

Ž .cally stable steady state is steady state 5 , whereas for D)
Ž .D , steady state 3 is the single asymptotically stable steadycr

Ž . Ž .state. Thus, at Ds D , steady states 4 and 5 vanish andcr
Ž . Žthe stability properties of steady state 3 change unstable

.for D- D and stable for D) D . This bifurcation valuecr cr
D was analytically found as a function of the two feed sub-cr
strate concentrations and the model parameters. For the val-
ues of the two feed substrate concentrations used in all the
simulations: D s0.50 hy1. Finally, for DG D , steady statecr u
Ž . Ž .3 vanishes as well and the washout steady state 2 becomes
the only linearly stable washout steady state. In summary, for
low dilution rates, the system consumes both substrates, but
mainly glucose, whereas for high dilution rates, biomass grows
exclusively on glucose. The single steady state that is stable is
always the one that yields the highest biomass concentration
Ž .Figure 4a .

We turn now to the steady-state results for tank 2. Here,
the equations of the segregated approach, the unsegregated
approach, and the unstructured approach are all different, so
in general, three different sets of results will be obtained for
this tank. As the preceding discussion indicated, more than
one steady state is possible for tank 1 for a given set of oper-
ating parameters. Since the steady-state equations for the
second tank depend on the steady-state solution for the first
tank, it is obvious that there must be at least one solution for
the second tank for each solution for the first tank. Thus,
there exist multiple steady states for the second tank, as well.
However, the more interesting question is how many steady

( )Figure 4. Model of Kompala et al. 1986 : five steady-state bifurcation diagrams for tank 1.
y3Ž . Ž .Dilution rate D is the bifurcation parameter for s s s s 0.33 kg ? m . : Linearly asymptotically stable steady-state solu-1 f G lu 1 f X y l

Ž . Ž . Ž .tions; : linearly asymptotically unstable steady-state solutions. a Biomass concentration; b glucose concentration; c xylose concen-
Ž . Ž .tration; d glucose growth enzyme mass fraction; e xylose growth enzyme mass fraction.

January 1999 Vol. 45, No. 1AIChE Journal 183



states in tank 2 correspond to each steady state in tank 1.
Since, in practice, only stable steady states are observed, we
focused on finding how many steady states in tank 2 corre-
spond to each stable steady state in tank 1 and then charac-
terizing the stability of these steady states. Also, as already
noted, the steady-state equations for the second tank are dif-
ferent for the three modeling approaches considered in this
article. Thus, we are also interested in the qualitative and
quantitative steady-state differences between these three ap-
proaches.

A detailed analysis of the steady-state equations of the un-
segregated approach has shown that for D- D there existscr
a unique and stable steady-state solution for tank 2 corre-
sponding to the stable steady-state solution for tank 1. In this
steady state both substrates are consumed in tank 2, but the
biomass grows primarily on xylose. Thus, according to the un-
segregated approach, when biomass grows primarily on glu-

Ž Ž ..cose in tank 1 steady state 5 , it continues to consume both
substrates in tank 2, but due to the significant reduction of
glucose concentration which occurs in tank 1, the biomass in
tank 2 grows mainly on xylose. However, a significant qualita-
tive change in the tank 2 steady-state results is observed for
dilution rates above the critical bifurcation value D but be-cr

Ž y1 Xlow a second critical value 0.50 h s D - D- D s0.95cr cr
y1. ŽŽ . Ž .h : there exist two steady states 3a and 3b , respec-

. Ž .tively for tank 2 corresponding to the stable steady state 3
Ž .in tank 1. In the first steady-state situation 3a , both sub-

strates are consumed. Xylose is mainly consumed for 0.50
hy1 - D-0.90 hy1, whereas for 0.90 hy1 - D-0.95 hy1,
glucose is the substrate of primary consumption. The second

Ž .steady state 3b corresponds to the case where only glucose
in consumed. Throughout this region of dilution rates, steady

Ž . Ž .state 3a is linearly stable, whereas steady-state 3b is lin-
y1 Ž .early unstable. Finally, for D)0.95 h , steady-state 3a

Ž .vanishes and steady state 3b becomes asymptotically stable.
ŽThus, there exists a region in the dilution rate space 0.50

y1 X y1.h s D - D- D s0.95 h , where there exist two solu-cr cr
tions, one stable and the other unstable, for the second reac-

Ž .tor corresponding to the stable steady-state solution 3 for
the first reactor.

The solution of the steady-state equations for the segre-
gated model shows that for D- D , the situation in tank 2 iscr
qualitatively and quantitatively similar to the steady-state re-
sults for tank 2 yielded by the unsegregated approach; that is,
a unique and stable steady state exists where both substrates
are consumed with xylose being the substrate of primary con-
sumption. Moreover, there is again a region in the dilution
rate space where the segregated model has two steady-state
solutions corresponding to the stable steady-state solution for
the first tank. The lower bound of this region is the same as

Ž .in the unsegregated model the bifurcation value D . How-cr
Ž y1.ever, the upper bound is lower 0.8 h than the corre-

Ž y1.sponding one for the unsegregated model 0.95 h . Again,
the first steady state corresponds to the case where both sub-
strates are consumed and it is stable, while in the second
steady-state solution, which is unstable, only glucose is con-
sumed. It was shown analytically that this unstable steady-

Ž .state solution only glucose is consumed is identical for both
the segregated and unsegregated approaches. For D)0.8

y1 Ž .h , the first steady state both substrates are consumed
Žvanishes and the second steady state only glucose is con-

.sumed becomes stable.
Figure 5 shows the stable steady-state results for tank 2 for

all three modeling approaches as a function of the dilution

( )Figure 5. Model of Kompala et al. 1986 : steady-state solutions for tank 2.
Ž . Ž . y3It corresponds to the stable steady-state solution in tank 1, as a function of the dilution rate D for s s s s 0.33 kg ? m , as1 f G lu 1 f X y l

predicted by the three models. : The stable solution of the segregated model; : the stable solution of the unsegregated model; }
}}: the stable solution of the unstructured model; ] ? ] ? ] : the unstable solution of both the segregated and unsegregated steady-state

Ž . Ž . Ž . Ž . Ž .models. a Biomass concentration; b glucose concentration; c xylose concentration; d glucose growth enzyme mass fraction; e xylose
growth enzyme mass fraction.
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rate. The unstable steady-state solution which is identical for
the segregated and unsegregated models is also plotted for

Ž .the entire range of its existence D) D . One can make thecr
Ž .following observations: a For D- D , the segregated andcr

unsegregated models produce virtually indistinguishable re-
Ž .sults; b in the entire region of the dilution rate parameter

space where the unsegregated model has multiple steady-state
Ž y1 X y1.solutions 0.50 h s D - D- D s0.95 h , the resultscr cr

of the segregated and unsegregated models exhibit significant
Ž . y1differences; c for very high dilution rates D)0.95 h , the

Ž .two approaches produce identical results; d the unstruc-
tured model overestimates the biomass and glucose concen-
trations and underestimates the xylose concentration in the
entire region of the parameter space.

As the results presented in Figure 5 show clearly, for val-
ues of the dilution rate where the unsegregated model pre-
dicts more than one steady-state solution for the second tank
corresponding to the stable steady-state solution for the first
tank, biomass segregation is important, whereas for dilution
rates where there is a unique steady-state solution in tank 2

( )Figure 6. Model of Kompala et al. 1986 : steady-state
( )age time spent in CSTR-2 distributions of the

biomass and the mass fractions of the two
growth enzymes for different dilution rates.
It was predicted by the segregated model.

y1 y1 I I I` ` ` v v: D s 0.1 h ; : D s 0.3 h ; :
y1 y1B B e e eDs 0.5 h ; : D s 0.7 h ; : D s 0.9

y1 Ž . Ž .h . a Biomass concentration; b glucose growth enzyme
Ž .mass fraction; c xylose growth enzyme mass fraction.

( )Figure 7. Model of Kompala et al. 1986 : steady-state
biomass distributions with respect to the mass
fractions of the two sets of substrate-utilizing
enzymes for different dilution rates.
It was predicted by the segregated model.

y1 y1 I I I` ` ` v v: D s 0.1 h ; : D s 0.2 h ; :
y1 y1B B e e eDs 0.3 h ; : D s 0.4 h ; : D s 0.5

y1 y1 y1l l l \ \h ; : D s 0.6 h ; : D s 0.7 h ;
y1 y1% % ))) Ž .: D s 0.8 h ; : D s 0.9 h . a

Biomass distribution with respect to the glucose growth en-
Ž .zyme system; b biomass concentration with respect to the

xylose growth enzyme system.

corresponding to the stable steady state in tank 1, biomass
segregation can be neglected. We infer from this that there
must be an association between multiplicity in the steady-state
results for the second tank according to the unsegregated ap-
proach, and differences between the predictions of the segre-
gated and unsegregated approaches.

An attempt was made to obtain deeper insight into the
problem of why the two approaches gave essentially the same
prediction in some circumstances and quite different predic-
tions in others. This attempt was based on the results pre-
sented in Figures 6, 7 and 8. Figure 6 shows the steady-state
distributions with respect to age of biomass concentration and
the two elements of the biomass state vector for various dilu-
tion rates. Figure 7 shows the steady-state distributions of
biomass concentration with respect to the two elements of
the biomass state vector for different dilution rates. These
graphs were calculated from the results shown in Figure 6

Žusing Eqs. 46 and 74 of the previous article Mantzaris et al.,
.1998 . Figure 8 shows the coefficients of variation of steady-

state biomass distributions with respect to the two elements
of the biomass state vector as functions of the dilution rate.

Ž .Notice Figure 6 that the steady-state age distributions of
the biomass concentration become steeper and narrower as
the dilution rate increases, but they are very broad for low

Ž .dilution rates. Notice also Figure 7 the qualitative change in
the steady-state biomass distributions with respect to the two
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( )Figure 8. Model of Kompala et al. 1986 : coefficient of
( )variation C.V. of the two steady-state

biomass distributions with respect to the mass
fractions of the two growth enzyme systems
as functions of the dilution rate D, as pre-
dicted by the segregated model.
Ž .a C.V. of the biomass distribution with respect to the glu-
cose growth enzyme system over the entire range of dilution

Ž .rates; b C.V. of the biomass distribution with respect to
the xylose growth enzyme system over the entire range of

Ž .dilution rates; c C.V. of the biomass distribution with re-
spect to the xylose growth enzyme system over the range of
dilution rates from 0]0.8 hy1.

elements of the state vector that takes place at the bifurca-
tion value D s0.50 hy1: at dilution rates lower than thecr
critical value the biomass distributions with respect to the two
elements of the state vector are unimodal, but they become
bimodal at dilution rates higher than the critical. Moreover,
as Figure 8 shows, for 0.5 hy1 - D-0.8 hy1, both steady-
state biomass distributions with respect to the two elements

Ž .of the state vector are broad large coefficient of variation .
On the other hand, for D- D s0.50 hy1, the steady-statecr
biomass distribution with respect to the mass fraction of the

Žxylose growth enzyme system is relatively narrow small coef-
.ficient of variation , whereas the corresponding distribution

with respect to the mass fraction of the glucose growth en-
zyme system is broad. Finally, for D)0.8 hy1, the steady-
state biomass distribution with respect to the mass fraction of
the glucose growth enzyme system becomes narrow.

These observations explain, at least at one level of under-
standing, why the predictions of the segregated and unsegre-
gated approaches agree in some domains of the dilution rate
parameter space and disagree in others. To see this, we will
divide the dilution rate parameter space into four regions.
Ž . y1 Ž1 For D- D s0.50 h , the unique corresponding tocr

.the stable steady-state solution in the first tank and stable
steady-state solutions of both approaches predict that both
substrates are consumed but that biomass grows primarily on
xylose. Furthermore, despite the fact that the distributions
with respect to age of the biomass and both elements of the

Ž .biomass state vector are broad Figure 7 , and the functions
Ž 1 . Ž 1 . Ž 1 .f z , s , g z , s , and h z , s of the previous article2 2 2 2 2 2
Ž .Mantzaris et al., 1998 are all nonlinear with respect to the
state vector, the biomass distribution with respect to the mass

Ž .fraction of xylose growth enzyme system is narrow Figure 8 .
At low dilution rates, therefore, the biomass in the second
tank is nearly homogeneous insofar as the mass fraction of
the xylose enzyme system is concerned, and since xylose is
the substrate of primary consumption, the biomass behaves
as if it were entirely homogeneous insofar as its growth and
nutrient uptake rates are concerned. Thus, the differences
between the predictions of the two approaches are minimal
or nonexistent.
Ž . y1 y12 For 0.50 h - D-0.80 h , the stable steady-state so-

lutions of both the segregated and unsegregated models pre-
dict that both substrates are consumed. Moreover, according
to the segregated model, both steady-state biomass distribu-
tions with respect to the elements of the state vector are broad
Ž .large coefficients of variation, as Figure 8 shows and the

Ž 1 . Ž 1 . Ž 1 .functions f z , s , g z , s , and h z , s are nonlinear2 2 2 2 2 2
with respect to the state vector. As a result, the predictions
of the segregated and unsegregated approaches are quite dif-
ferent, since in this region, biomass is inhomogeneous with
respect to all important parameters.
Ž . y1 y13 For 0.80 h - D-0.95 h , the segregated model has

Ža unique steady state corresponding to the stable steady-state
.solution in the first tank where only glucose is consumed.

Ž 1 . Ž 1For this type of steady state, the functions f z , s , g z ,2 2 2
. Ž 1 .s , and h z , s are all linear with respect to the state vec-2 2 2

tor and also, as Figure 8 shows, the steady-state biomass dis-
tribution with respect to the mass fraction of the glucose
growth enzyme system is narrow. Thus, one would expect that
in this region of the parameter space, the segregated and un-
segregated approaches should produce identical results.
However, as discussed earlier, the unsegregated model has in
this region two steady-state solutions corresponding to the
stable steady-state solution in the first tank. The steady state
where only glucose is consumed is linearly unstable for the
unsegregated approach. Thus, in this region of the parameter
space, the unsegregated model asymptotically approaches the
stable steady state where both substrates are used. Hence,
despite the fact that the steady-state solution predicted by
the segregated model exists also for the unsegregated model,
its lack of stability for the latter model results in the observed
differences between the two approaches.
Ž . y1 y14 For 0.95 h - D- D s1.045 h , both the segre-u

gated and unsegregated models have a unique steady state
Ž .corresponding to the stable steady state in the first tank
where only glucose is consumed. For this type of steady state,
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Ž 1 . Ž 1 . Ž 1 .the functions f z , s , g z , s , and h z , s are all linear2 2 2 2 2 2
with respect to the state vector, and so the two approaches
produce identical steady-state results as shown in Figure 6.

A more complete discussion of the steady-state problem
including the mathematical proofs of all the statements made

Žthroughout this section can be found elsewhere Mantzaris,
.1999 .

Second Example: Transient Simulations
Figures 9 and 10 present the results of the comparison be-

tween the three models for a transient simulation performed
with Ds0.8 hy1. This dilution rate value was chosen with
the intention of examining the transient behavior for a case
where the three models exhibit large steady-state differences.
The same initial conditions were used for all three models.

Ž .In the first reactor Figure 9 , the predictions of all three
approaches asymptotically approach the same steady state, as
expected. Also, there is a perfect agreement between the seg-
regated and unsegregated approaches, since the correspond-
ing equations are identical. However, the dynamic response
to the unstructured model exhibits large differences when
compared to the results of the other two models. This is be-
cause the unstructured model, by construction, does not take
into account the influence of the change of environmental
conditions on the states.

Ž .In the second reactor Figure 10 , the unsegregated ap-
proach predicts two growth phases. During the first phase,
where the glucose concentration is high, biomass grows on
glucose. After glucose becomes practically depleted, the un-
segregated model predicts a large lag phase, during which the
system prepares for the consumption of the slow substrate
Ž .xylose by increasing the mass fraction of the xylose growth

enzyme. Finally, during the second growth phase, the system
grows exclusively on xylose. On the contrary, the segregated
model does not predict a second growth phase on xylose. Such
an ‘‘exclusive’’ growth on xylose predicted by the unsegre-
gated model is not possible, since there necessarily exists a

Žsignificant part of biomass the ‘‘young’’ biomass just enter-
.ing the second reactor which requires a certain amount of

time in order to adjust to the conditions in the second tank.
These conditions are vastly different from the corresponding
ones in the first tank where practically all biomass grows on
glucose. This is a typical situation where neglecting biomass
segregation can lead to results which are not only quantita-
tively but also qualitatively wrong. Notice also that the un-
structured model qualitatively produces similar results to the

Žunsegregated model two growth phases separated by a lag
.phase , but it overestimates the biomass and glucose concen-

trations and underestimates the xylose concentration.

Comments on Second Example
An important point revealed by the results presented is

that, at a given set of operating conditions, the stabilities of
corresponding steady states of the segregated and unsegre-
gated approaches may not be the same. Thus, at higher dilu-
tion rates, the segregated approach has the steady state where
only glucose is used as the stable one and the steady state
where both glucose and xylose are used as the unstable one.
The unsegregated approach reverses this prediction, and be-
cause of this, the predictions of the two approaches show
substantial differences.

Differences in the predictions of the two approaches occur
even when corresponding steady states of the two approaches
have the same stabilities, however. An interesting feature of

( )Figure 9. Model of Kompala et al. 1986 : Tank 1.
y1 y3Ž . Ž .A transient simulation: D s 0.8 h , s s s s 0.33 kg ? m . : Segregated and unsegregated models; } } } : unstructured1 f G lu 1 f X y l

Ž . Ž . Ž . Ž . Ž .model. a Biomass concentration; b glucose concentration; c xylose concentration; d glucose growth enzyme mass fraction; e xylose
growth enzyme mass fraction.
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( )Figure 10. Model of Kompala et al. 1986 : Tank 2.
y1 y3Ž . Ž .A transient simulation: D s 0.8 h , s s s s 0.33 kg ? m . : Segregated model; : unsegregated model; } } } :1 f G lu 1 f X y l

Ž . Ž . Ž . Ž .unstructured model. a Biomass concentration; b glucose concentration; c xylose concentration; d glucose growth enzyme mass
Ž .fraction; e xylose growth enzyme mass fraction.

the results just presented is that differences between the seg-
regated and unsegregated modeling approaches are associ-
ated with the occurrence of multiplicity in the second reactor
Žexistence of more than one steady state in the second reac-

.tor for a single steady state in the first reactor . We examined
this further by considering a very simple structured model

Ž .proposed by Roels 1983 . The model is nonlinear and it al-
ways has two steady states in the first reactor, only one of
which is stable. It was shown analytically that only one steady
state in the second reactor is associated with the stable steady
state in the first reactor, and in addition, numerical simula-
tions showed that the differences between the predictions of
the segregated and unsegregated modeling approaches are
negligible in this case. It was shown in the previous article
Ž .Mantzaris et al., 1998 that the segregated and unsegregated
approaches will make identical predictions for the biomass
concentration and the mean values of the abiotic environ-
ment and biomass state vectors in the second tank if the ki-
netic expressions of the model are linear in the state vector
of the biomass. The kinetic expressions of the Roels model
are never linear in the state vector, and so the agreement of
the two approaches cannot be attributed to such linearity.
This is another bit of evidence that supports the conclusion
that differences between the predictions of the two ap-
proaches are somehow associated with multiplicity in the sec-
ond tank. Unfortunately, we have been unable to produce a
proof of this conclusion nor do we understand why it is so, if
it is so.

Discussion and Conclusions
The results described above show that the predictions of

the unsegregated version of a structured model for what hap-

pens in the second tank of a cascade are sometimes but not
always appreciably different from the predictions of the seg-
regated version of the model. Therefore, segregation of
biomass is an important feature of the system in some cir-
cumstances but not in others.

Clearly, it is desirable to have some means to predict when
segregation is important and when it is not. Unfortunately,
we have been unable to provide a complete and clear-cut
method for making such a prediction. It was shown theoreti-
cally that the predictions of the two versions will be the same
insofar as mean quantities are concerned if the production
and uptake rate vectors of the model used are linear in the
state vector. However, the computational results show that
such linearity is not necessary for the predictions to be the
same or nearly the same: the two versions can make the same
predictions even when they are both highly nonlinear. We
have stated what we believe to be the reasons why the segre-
gated and unsegregated versions of the model of Kompala et

Ž .al. 1986 make the same predictions under certain condi-
tions where both versions are highly nonlinear, but these
statements were made only after rather extensive calculations
had been done and much thought had been given to the re-
sults obtained. If a different model were to be used, and if it
was nonlinear, we expect that similar calculations would have
to be done to find out the conditions, if any, where the un-
segregated version of the model would predict the same thing
as the segregated version.

The conclusion to be drawn from this is that, if one has a
structured model that works well for a single tank, one might
as well use the segregated version of the model to predict
what is going to happen in the second tank because one does

Ž .not know the conditions aside from linearity that are suffi-
cient for its segregated and unsegregated versions to predict
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the same things for the second tank. One must solve partial
differential equations instead of ordinary differential equa-
tions when the segregated version of a model is used, but the
experience gained in obtaining the results presented herein
suggests that this need not be an overwhelming difficulty.

This does not mean that the unsegregated approach to
modeling what happens in the second tank is worthless. If it
could be proved that disagreement between the segregated
and unsegregated approaches occurs if and only if the equa-
tions for the second tank exhibit multiplicity, and if analysis
showed that the equations of the unsegregated approach did
not exhibit multiplicity, then the ordinary differential equa-
tions of the unsegregated approach could be used to predict
the behavior of the second tank correctly. In addition, one
expects that the trial-and-error calculations involving the
more complicated equations of the segregated approach will
be required in, say, attempts to optimize the performance of
a cascade of bioreactors. Reasonably accurate estimates of
system behavior will be needed to start the calculations, and
these can be obtained using the unsegregated version of a
structured model.

Unstructured models may be disposed of more briefly. If a
structured model in which one has confidence is available,
there is no point in expending the effort necessary to con-
struct the unstructured version of that model, for it must nec-
essarily fail in transient situations and it will fail even in many
steady-state situations in the second tank of a cascade. Un-
structured models should be used only as a last resort, when
nothing better is available, and when they are used, one must
not expect them to give anything more than a very rough idea

of what may happen in a transient bioreactor or in the sec-
ond tank of a bioreactor cascade.
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